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1. Introduction
In this paper, all spaces are assumed to be regular T1 and all maps are continuous onto. For a set X , we denote by [X]<ω
the set of all ﬁnite subsets of X . Unexplained notions and terminology are the same as in [5].
We recall some deﬁnitions. A space X is said to be Fréchet if A ⊂ X and x ∈ A imply that there exists a sequence
{xn: n ∈ ω} ⊂ A converging to x. A space X is said to be sequential if every non-closed subset A ⊂ X contains a sequence
converging to some point in X \ A. It is easy to check that a space X is sequential if and only if every sequentially open set
in X is open in X , where a set U ⊂ X is said to be sequentially open in X if for every sequence {xn: n ∈ ω} ⊂ X converging
to a point in U , U contains xn for all but ﬁnitely many n ∈ ω. Every Fréchet space is sequential.
Deﬁnition 1.1. Let P be a family of subsets of a space X . P is a k-network for X [21] if for each compact set K ⊂ X and
an open set U ⊂ X containing K , there exists some Q ∈ [P]<ω such that K ⊂⋃Q ⊂ U . P is a cs∗-network for X [8] if for
every sequence {xn: n ∈ ω} ⊂ X converging to a point x ∈ X and every neighborhood U of x, there exists some P ∈ P such
that x ∈ P ⊂ U and xn ∈ P for inﬁnitely many n ∈ ω.
A base is both a k-network and a cs∗-network. In general, not every k-network is a cs∗-network, and not every cs∗-
network is a k-network.
Deﬁnition 1.2. Let X be a space. For each point x ∈ X , let Bx be a family of subsets of X . Then B =⋃{Bx: x ∈ X} is a weak
base for X [2] if it satisﬁes (1) for each x ∈ X , x ∈⋂Bx and Bx is closed under ﬁnite intersections, and (2) G ⊂ X is open
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base B =⋃{Bx: x ∈ X} such that each Bx is countable.
Every weakly ﬁrst-countable space is sequential [22, 1.4], and a space is ﬁrst-countable if and only if it is weakly ﬁrst-
countable and Fréchet [2, p. 129].
A space X is said to be an M3-space [4] if it has a σ -cushioned pair-base. We do not state the deﬁnition of a σ -cushioned
pair-base. Because Borges [3] showed that a space X is an M3-space if and only if it is stratiﬁable.
Deﬁnition 1.3. A space X is a stratiﬁable space (= an M3-space) if there exists a function G which assigns to each n ∈ ω
and an open set U in X , an open set G(U ,n) in X such that
(i) U =⋃{G(U ,n): n ∈ ω},
(ii) U ⊂ V ⊂ X implies G(U ,n) ⊂ G(V ,n) for each n ∈ ω.
A space X is a Lašnev space if it is the image of a metric space by a closed map.
The space Sω1 is the quotient space obtained from the topological sum of ω1 many convergent sequences by identifying
all the limit points to a single point. If a Fréchet space has a subspace which is homeomorphic to Sω1 , then it has a
closed subspace which is homeomorphic to Sω1 ; see [18, Lemma 2.2]. It is easy to see that Sω1 is a Fréchet space with a
point-countable k-network, but does not have any point-countable cs∗-network.
Concerning k-networks and weak bases, Liu and Tanaka [19] posed the following problems. The purpose of this paper is
to give counterexamples for these problems.
Problem 1.4. ([19, Problem 2]) Let X be a Fréchet space with a point-countable k-network. If X contains no closed copy
of Sω1 , does X have a point-countable cs
∗-network?
Problem 1.5. ([19, Problem 4]) Is a Fréchet M3-space with a point-countable k-network a Lašnev space?
This problem was ﬁrst posed in [16, Problem 4.5]. Every Lašnev space is stratiﬁable [23], Fréchet and has a point-
countable k-network. Every M3-space with a point-countable base is metrizable [9, Corollary 7.11].
Problem 1.6. ([19, Problem 9]) Let X be a weakly ﬁrst-countable space. Is any weak base for X a k-network?
The compact space ω1 + 1 has a weak base which is not a k-network [17, Example 2.1], but it is not sequential (hence
not weakly ﬁrst-countable).
2. Counterexamples for Problems 1.4 and 1.5
Lemma 2.1. ([15, Theorem 5]) Let Y be the image of a space X by a closed map. If X is a k-space with a point-countable k-network,
then Y also has a point-countable k-network.
For a space X and a closed subset A of X , we denote by X/A the quotient space obtained by identifying A to a single
point. If X is normal, then X/A is regular T1.
Lemma 2.2. Let X be a normal space with a point-countable base, and let A be a closed Lindelöf subset of X . Then X/A is a Fréchet
space with a point-countable k-network, and it has no subspace which is homeomorphic to Sω1 .
Proof. Let f : X → X/A be the canonical map and let f (A) = {∞}. Since f is closed, X/A is Fréchet. By Lemma 2.1, it has
a point-countable k-network.
Assume that X/A has a subspace Y which is homeomorphic to Sω1 . Then the unique non-isolated point of Y is ∞, hence
we put Y = {∞} ∪ (⋃{Yα: α < ω1}), where each Yα is a sequence in Y \ {∞} converging to ∞, Yα ∩ Yβ = ∅ for α < β and
the topology of Y is determined by the family {{∞} ∪ Yα: α < ω1}. Since f is closed and X is Fréchet, there are a point
xα ∈ A and a sequence Tα ⊂ X \ A (α < ω1) such that Tα converges to xα and f (Tα) ⊂ Yα . Let L = {xα: α < ω1}. Assume
that for some inﬁnite subset {xαn : n ∈ ω} ⊂ L, there is a point a ∈ {xαn : n ∈ ω} \ {xαn : n ∈ ω}. Since X is Fréchet, there is a
sequence T ⊂⋃{Tαn : n ∈ ω} converging to a. Then f (T ) converges to ∞ and f (T ) ∩ Yαn 
= ∅ for inﬁnitely many αn ’s. This
is a contradiction. Therefore every inﬁnite subset of L is closed, hence L is closed and discrete in X . Since A is Lindelöf, L is
countable. Take a point a ∈ A and inﬁnitely many αn ’s such that a = xαn (n ∈ ω). Since X is ﬁrst-countable, there are some
points xn ∈ Tαn (n ∈ ω) such that {xn: n ∈ ω} converges to a. Then { f (xn): n ∈ ω} converges to ∞ and f (xn) ∈ Yαn . This is a
contradiction. Consequently X/A has no subspace which is homeomorphic to Sω1 . 
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cs∗-network, then there exists a countable family U of open sets of X satisfying the following conditions:
(1) U ∩ A 
= ∅ for each U ∈ U ,
(2) if W is an open set in X containing A, then A ⊂⋃{U ∈ U : U ⊂ W }.
Proof. Let f : X → X/A be the canonical map and let f (A) = {∞}. Let Q be a point-countable cs∗-network for X/A. We
put
P = { f −1(Q \ {∞}): ∞ ∈ Q ∈ Q}.
Since Q is point-countable, P is countable. For each F ∈ [P]<ω , we put U (F) = Int(⋃{P : P ∈ F}), where Int is the interior
in X . Let
U = {U (F): F ∈ [P]<ω, U (F) ∩ A 
= ∅}.
This family U is countable and satisﬁes (1). We show that U satisﬁes (2). Let W be an open set in X containing A, and
take any point a ∈ A. Since X is normal, we can take an open set V in X with A ⊂ V ⊂ V ⊂ W . We enumerate the family
{P ∈ P: P ⊂ V } as {Pn: n ∈ ω}. Let {Gn: n ∈ ω} be an open neighborhood base at a. Assume a /∈⋃{Int(P0∪· · ·∪ Pn): n ∈ ω}.
Since A is nowhere dense in X , for each n ∈ ω there is a point xn ∈ Gn ∩ (V \ (A ∪ P0 ∪ · · · ∪ Pn)). Since the open set f (V )
in X/A contains the convergent sequence {∞} ∪ { f (xn): n ∈ ω}, there is some Q ∈ Q such that ∞ ∈ Q ⊂ f (V ) and Q
contains inﬁnitely many f (xn)’s. Then f −1(Q \ {∞}) ∈ P and f −1(Q \ {∞}) ⊂ V . Hence f −1(Q \ {∞}) = Pk for some k ∈ ω.
This implies that f −1(Q \ {∞}) contains only ﬁnitely many xn ’s. This is a contradiction. Thus a ∈ Int(P0 ∪ · · · ∪ Pn) for some
n ∈ ω, in other words a ∈ U (F) ⊂ W for F = {P0, . . . , Pn}. 
Theorem 2.4. There exists a space Y with the following properties:
(a) Y is a Lindelöf Fréchet space with a point-countable k-network,
(b) Y has no subspace which is homeomorphic to Sω1 ,
(c) Y does not have any point-countable cs∗-network.
Proof. Let I be the closed unit interval [0,1] with the usual topology τ . Let B be a Bernstein set in I, in other words every
uncountable compact subset K ⊂ I satisﬁes both K ∩ B 
= ∅ and K ∩ (I \ B) 
= ∅. We denote by I(B) the space obtained from
I by isolating the points of B . We put
X = I(B) × (ω + 1), A = I(B) × {ω} and Y = X/A.
Since I(B) is a Lindelöf T1-space with a point-countable base, so is X . By Lemma 2.2, the space Y satisﬁes (a) and (b).
(Since Y is Lindelöf, trivially it has no closed subspace which is homeomorphic to Sω1 .)
We show that Y satisﬁes (c). Assume that Y has a point-countable cs∗-network. By Lemma 2.3, there is a countable
family U of open sets of X satisfying the following two conditions:
(1) U ∩ A 
= ∅ for each U ∈ U ,
(2) if W is an open set in X containing A, then A ⊂⋃{U ∈ U : U ⊂ W }.
For each n ∈ ω, let Cn = {ω} ∪ {k ∈ ω: k n}. For each n ∈ ω and U ∈ U , we put
Pn(U ) =
{
r ∈ B: {r} × Cn ⊂ U
}
.
Then the family P = {Pn(U ): n ∈ ω,U ∈ U} is countable.
Claim. If b ∈ B and {bn: n ∈ ω} ⊂ B \ {b} is a sequence converging to b in (B, τ |B), then there exists some P ∈ P such that b ∈ P and
P ∩ {bn: n ∈ ω} is ﬁnite.
Proof. Let W = (⋃n∈ω({bn} × Cn))
⋃
(I(B) \ {bn: n ∈ ω}) × (ω + 1). Then W is an open set in X containing A. Hence
A ⊂⋃{U ∈ U : U ⊂ W }. Take any U ∈ U with (b,ω) ∈ U ⊂ W . Then there is some k ∈ ω with (b,ω) ∈ Pk(U )× Ck ⊂ U ⊂ W .
If Pk(U ) contains inﬁnitely many bn ’s, (Pk(U ) × Ck) \ W 
= ∅. This is a contradiction, so Pk(U ) ∈ P contains only ﬁnitely
many bn ’s. 
We show that the existence of such a P is impossible for B . Fix any point b ∈ B and let P(b) = {P ∈ P: b ∈ P } = {Pn: n ∈
ω}. Assume b ∈⋂{Pn \ {b}: n ∈ ω} in (B, τ |B). Since (B, τ |B) is ﬁrst-countable, there is a sequence {bn: bn 
= b, n ∈ ω}
converging to b such that each Pn contains inﬁnitely many bn ’s. By the claim above, there is some P ∈ P such that b ∈ P
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b is an isolated point of some Pn ∈ P(b). Since B is uncountable and P is countable, some P ∈ P has uncountably many
isolated points in (P , τ |P ). This is a contradiction. Consequently Y does not have any point-countable cs∗-network. 
The space Y in Theorem 2.4 coincides with the space F in [10, Example 9.6]. The authors in [10] claimed that the space
F has a subspace which is homeomorphic to Sω1 . But it is not correct.
The space Y in Theorem 2.4 has uncountably many isolated points. We note that there exists a hereditarily Lindelöf
counterexample for Question 1.4. For the purpose, we need to recall some notions on a tree. A partially ordered set (T ,)
is said to be a tree if for each x ∈ T , {y ∈ T : y < x} is well-ordered by <. Let (T ,) be a tree. For each x ∈ T , the
order type of {y ∈ T : y < x} is said to be the height of x in T and denoted by ht(x, T ). For each ordinal α, we put
Levα(T ) = {x ∈ T : ht(x, T ) = α} and it is said to be the α-th level of T . The height ht(T ) of T is the least α such that
Levα(T ) = ∅. A chain in T is a subset of T which is totally ordered by <. An antichain in T is a subset A ⊂ T such that any
distinct two points in A are incomparable with respect to <. A branch in T is a maximal chain in T . We denote by B(T )
the set of all branches in T . For each x ∈ T , let [x] = {b ∈ B(T ): x ∈ b}. Note that [x] ∩ [y] 
= ∅ implies [x] ⊂ [y] or [y] ⊂ [x].
The space B(T ) with the topology generated by the family BT = {[x]: x ∈ T } is said to be the branch space of T . It is easy
to see that each member of BT is open-and-closed in B(T ). Hence B(T ) is regular T1. If every chain in T is countable, then
BT is a point-countable base for B(T ). If every antichain in T is countable, then B(T ) is hereditarily Lindelöf. Therefore if T
is a Suslin tree (i.e., ht(T ) = ω1, and every chain and every antichain in T is countable), then B(T ) is a hereditarily Lindelöf
non-separable space with a point-countable base. Non-separability of B(T ) follows from ht(T ) = ω1.
Example 2.5. Assume the existence of a Suslin tree, then there exists a space Z with the following properties:
(a) Z is a hereditarily Lindelöf Fréchet space with a point-countable k-network,
(b) Z has no subspace which is homeomorphic to Sω1 ,
(c) Z does not have any point-countable cs∗-network.
Proof. Let T be a Suslin tree. We may assume that every point of T has inﬁnitely many immediate successors; see Jech [12,
pp. 218–219]. We put
X = B(T ) × (ω + 1), A = B(T ) × {ω} and Z = X/A.
Since B(T ) is a hereditarily Lindelöf T1-space with a point-countable base, so is X . By Lemma 2.2, the space Z satisﬁes (a)
and (b). (Since Z is hereditarily Lindelöf, trivially it has no subspace which is homeomorphic to Sω1 .)
We show that Z satisﬁes (c). Assume that Z has a point-countable cs∗-network. By Lemma 2.3, there is a countable
family U of open sets of X satisfying the following conditions:
(1) U ∩ A 
= ∅ for each U ∈ U ,
(2) if W is an open set in X containing A, then A ⊂⋃{U ∈ U : U ⊂ W }.
For each n ∈ ω, let Cn = {ω} ∪ {k ∈ ω: k  n}. For each U ∈ U , we put P (U ) = {b ∈ B(T ): (b,ω) ∈ U }. Each b ∈ P (U )
has some x(b) ∈ b and some n(b) ∈ ω such that [x(b)] × Cn(b) ⊂ U . Since P (U ) is Lindelöf, there is a countable subset
Q (U ) ⊂ P (U ) such that P (U ) =⋃{[x(b)]: b ∈ Q (U )}. Take any point s ∈ T with ht(s, T ) > sup{ht(x(b), T ): b ∈⋃U∈U Q (U )}.
Let {tn: n ∈ ω} be the set of all immediate successors of s. Then [s] =⋃{[tn]: n ∈ ω}. We put
W =
⋃{[tn] × Cn: n ∈ ω
}∪ (B(T ) \ [s])× (ω + 1).
Then W is an open set in X containing A. By (2) above, A ⊂ ⋃{U ∈ U : U ⊂ W }. Take any U ∈ U such that U ⊂ W
and [s] ∩ P (U ) 
= ∅. Since P (U ) =⋃{[x(b)]: b ∈ Q (U )}, [s] ∩ [x(b)] 
= ∅ for some b ∈ Q (U ). By ht(s, T ) > ht(x(b), T ), we
have [s] ⊂ [x(b)]. Since [x(b)] × Cn(b) ⊂ U ⊂ W , [s] × Cn(b) ⊂ W . This is a contradiction. Consequently Z does not have any
point-countable cs∗-network. 
In the rest of this section, we give a counterexample for Question 1.5.
Lemma 2.6. Let X be a space with a unique non-isolated point ∞. If ∞ is a Gδ-point, then X is an M3-space.
Proof. Let {∞} =⋂{On: n ∈ ω}, where each On is open in X and On+1 ⊂ On (n ∈ ω). For each open set U ⊂ X and n ∈ ω,
we deﬁne G(U ,n) as follows: G(U ,n) = U ∩ (X \ On) if ∞ /∈ U , and G(U ,n) = U if ∞ ∈ U . The function G satisﬁes (i) and
(ii) in Deﬁnition 1.3. 
Lemma 2.7. If a Lašnev space has no subspace which is homeomorphic to Sω1 , then it has a point-countable cs
∗-network.
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has no closed subspace which is homeomorphic to Sω1 , then it has a σ -locally ﬁnite k-network. Hence L has a σ -locally
ﬁnite k-network. If P is a σ -locally ﬁnite k-network for L, then so is P ′ = {P : P ∈ P}. In particular P ′ is a point-countable
k-network consisting of closed subsets. Hence P ′ is a point-countable cs∗-network. 
The preceding lemma can be proved also by using Foged [6, Theorem 1] and Junnila, Ziqiu [13, Theorem 2.6].
Theorem 2.8. There exists a Fréchet M3-space Y ′ with a point-countable k-network which is not Lašnev.
Proof. Recall the space X = I(B) × (ω + 1) in Theorem 2.4. Let X ′ be the space obtained from X by isolating the points
of I(B) × ω. Let A = I(B) × {ω} and let Y ′ = X ′/A. By the same arguments as in Theorem 2.4, we can show that (a′) Y ′
is a Fréchet space with a point-countable k-network, (b′) Y ′ has no subspace which is homeomorphic to Sω1 and (c′) Y ′
does not have any point-countable cs∗-network. Since the unique non-isolated point of Y ′ is a Gδ-point, Y ′ is an M3-space
by Lemma 2.6. If Y ′ is Lašnev, then it follows from (b′) and Lemma 2.7 that Y ′ has a point-countable cs∗-network. This
contradicts with (c′). Thus Y ′ is not Lašnev. 
3. Counterexamples for Problem 1.6
Lemma 3.1. Let X be a space and let Y be a closed subset of X . If every weak base for X is a k-network for X, then every weak base for
Y is a k-network for Y .
Proof. Let B =⋃{Bx: x ∈ Y } be a weak base for Y . We deﬁne a weak base C for X . For each x ∈ X , let N (x) be the family
of all open sets in X containing x. If x ∈ X \ Y , then we put Cx = {U ∈ N (x): U ∩ Y = ∅}. If x ∈ Y , let (Bx,N (x)) = {(B,U ) ∈
Bx × N (x): B ⊂ U } and we put Cx = {B ∪ (U \ Y ): (B,U ) ∈ (Bx,N (x))}. We show that C =⋃{Cx: x ∈ X} is a weak base
for X . Obviously each Cx satisﬁes x ∈⋂Cx and is closed under ﬁnite intersections. Let U be an open subset of X . If x ∈ U \Y ,
then U \ Y ∈ Cx . If x ∈ U ∩ Y , there is some B ∈ Bx with B ⊂ U ∩ Y , then B ∪ (U \ Y ) ∈ Cx . Conversely let U be a subset
of X , and assume that for each x ∈ U there is some C ∈ Cx with C ⊂ U . Obviously U \ Y is open in X . For each x ∈ U ∩ Y ,
there is some (Bx,Ux) ∈ (Bx,N (x)) with Bx ∪ (Ux \ Y ) ⊂ U . Since B is a weak base for Y , U ∩ Y is open in Y . Hence
V = (X \ Y ) ∪ (U ∩ Y ) is open in X . By x ∈ V ∩ Ux ⊂ U , U is open in X . Thus C is a weak base for X . By our assumption,
C is a k-network for X . Therefore C|Y = {C ∩ Y : C ∈ C} = B is a k-network for Y . 
Lemma 3.2. For a space X, the following are equivalent.
(1) X is Fréchet and compact,
(2) X is sequential and every weak base for X contains a ﬁnite subcover of X .
Proof. Assume (1). Obviously X is sequential. Let B =⋃{Bx: x ∈ X} be a weak base for X . Since X is Fréchet, for each x ∈ X
and B ∈ Bx , x ∈ Int B [2]; see [22, Theorem 1.10]. Since X is compact, B contains a ﬁnite subcover of X .
Assume (2). Since every base is a weak base, X is compact. For a subset A ⊂ X , let s(A) be the set of all limit points of
convergent sequences in A. Assume that X is not Fréchet. Then there is a subset A ⊂ X such that s(A) is not closed in X .
Since X is sequential, there are a point y ∈ X \ s(A) and a sequence {yn: n ∈ ω} ⊂ s(A) \ A converging to y, where yn 
= ym
for n < m. For each n ∈ ω, take a sequence {yn,m: m ∈ ω} ⊂ A converging to yn . We deﬁne a weak base B for X . For the
point y, we put
By =
{
V \ {yn,m: n,m ∈ ω}: V is open in X and y ∈ V
}
.
For each point x ∈ X \ {y}, we put
Bx = {V : V is open in X, x ∈ V and y /∈ V }.
We show that B =⋃{Bx: x ∈ X} is a weak base for X . Obviously each Bx satisﬁes x ∈⋂Bx and is closed under ﬁnite
intersections. Let U be an open subset of X . If y ∈ U , then y ∈ U \ {yn,m: n,m ∈ ω} ∈ By . If x ∈ U \ {y}, take an open set V
such that x ∈ V ⊂ U and y /∈ V , then V ∈ Bx . Conversely let U ⊂ X and assume that for each x ∈ U there is some B ∈ Bx
with B ⊂ U . We show that U is sequentially open in X . Let z ∈ U and let {zn: n ∈ ω} be a sequence in X converging to z.
In case of z 
= y, since each member of Bz is open in X , zn ∈ U for all but ﬁnitely many n ∈ ω. In case of z = y, since
there is no sequence in {yn,m: n,m ∈ ω} converging to y, we may assume {zn: n ∈ ω} ∩ {yn,m: n,m ∈ ω} = ∅. Take any
B = V \ {yn,m: n,m ∈ ω} ∈ By with B ⊂ U , where V is open in X . Then zn ∈ B ⊂ U for all but ﬁnitely many n ∈ ω. Since X
is sequential, U is open in X . Thus B is a weak base for X . But B has no ﬁnite subcover of X , indeed for any F ∈ [B]<ω ,
{yn,m: n,m ∈ ω} \⋃F 
= ∅. 
The proof of the following lemma is a routine, so we omit the proof.
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with Y ⊂ U . Then C =⋃{Cx: x ∈ Y }, where Cx = {B ∩ Y : B ∈ Bx, B ⊂ U }, is a weak base for Y .
Theorem 3.4. For a sequential space X, the following are equivalent:
(1) every weak base for X is a k-network for X,
(2) every compact subset of X is Fréchet.
Proof. Assume (1), and let K ⊂ X be compact. By Lemma 3.1, every weak base for K is a k-network for K . Since K is
compact, every weak base for K has a ﬁnite subcover of K . By Lemma 3.2, K is Fréchet.
The converse implication is due to Tanaka [24, Proposition A(3)]. For completeness, we give a proof. Assume (2) and let
B =⋃{Bx: x ∈ X} be a weak base for X . Let K ⊂ X be a compact subset, and let U ⊂ X be an open subset with K ⊂ U . For
each x ∈ K , we put Cx = {B ∩ K : B ∈ Bx, B ⊂ U }. By Lemma 3.3, C =⋃{Cx: x ∈ K } is a weak base for K . Since K is Fréchet,
C has a ﬁnite subcover of K by Lemma 3.2. This implies that B is a k-network for X . 
Recall that every weakly ﬁrst-countable space is sequential [22, 1.4], and a space is ﬁrst-countable if and only if it is
weakly ﬁrst-countable and Fréchet [2, p. 129]. Hence we have the following.
Corollary 3.5. For a weakly ﬁrst-countable space X, the following are equivalent:
(1) every weak base for X is a k-network for X,
(2) every compact subset of X is ﬁrst-countable.
In particular we have the following.
Corollary 3.6. For a compact weakly ﬁrst-countable space X, the following are equivalent:
(1) every weak base for X is a k-network for X,
(2) X is ﬁrst-countable.
Example 3.7. By Corollary 3.6, a compact weakly ﬁrst-countable space which is not ﬁrst-countable is a counterexample for
Problem 1.6. Arhangel’skii asked in [2, p. 129] whether every compact weakly ﬁrst-countable space is ﬁrst-countable. For
Arhangel’skii’s problem, Jakovlev [11] gave a counterexample under the continuum hypothesis (CH). Thus Jakovlev’s space
in [11] is a counterexample for Problem 1.6. Similar spaces were given in Malykhin [20] under CH and Abraham, Gorelic
and Juhász [1] under b = c. The author does not know if there exists a counterexample for Problem 1.6 in ZFC. The space
Ψ ∗ in [7, Example 7.1] is a compact sequential space which is not Fréchet. By Theorem 3.4, Ψ ∗ has a weak base which is
not a k-network. But Ψ ∗ is not weakly ﬁrst-countable. Because the closed subset Ψ ∗ \ N is the one-point compactiﬁcation
of an uncountable discrete space and such a space is not weakly ﬁrst-countable.
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